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Abstract
The question of a modification of the running gauge coupling of (non-)Abelian gauge theories by an incorporation of the quantum gravity
contribution has recently attracted considerable interest. In this Letter we perform an involved diagrammatical calculation in the full Einstein–
Yang–Mills system both in cut-off and dimensional regularization at one-loop order. It is found that all gravitational quadratic divergencies cancel
in cut-off regularization and are trivially absent in dimensional regularization so that there is no alteration to asymptotic freedom at high energies.
This settles the previously open question of a potential regularization scheme dependence of the one-loop β function traditionally computed in the
background field approach. Furthermore we show that the remaining logarithmic divergencies give rise to an extended effective Einstein–Yang–
Mills Lagrangian with a counterterm of dimension six.
© 2008 Elsevier B.V.
PACS: 12.10.Kt; 04.60.-m; 11.10.Hi
Open access under CC BY license.Perturbatively quantized general relativity is well known to
be a non-renormalizable theory due to the negative mass di-
mension of its coupling constant κ [1]. The coupling to matter
fields does generically not improve the situation [1–3]. Hence,
Einstein’s theory of gravity does not constitute a fundamental
theory as its non-renormalizability necessitates the inclusion
of an infinite set of higher dimension counterterms in the per-
turbative quantization process. Nevertheless, as advocated by
Donoghue [4], it may be treated as an approximation to a fun-
damental theory of quantum gravity by the methodology of
effective field theories in order to describe interactions at scales
well below the Planck mass MP ∼ 1/κ ∼ 1019 GeV.
In an interesting recent paper Robinson and Wilczek [5]
reported on a calculation in Einstein gravity coupled to Yang–
Mills theory, where the quantum gravity contributions to the
running of the Yang–Mills coupling g were investigated at one-
loop order. Interestingly a negative gravitational contribution to
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Open access under CC BY license.the Callan–Symanzik β function, which quantifies the flow of
the Yang–Mills coupling with the energy scale E, was found
(1)βg ≡ dg
d lnE
= − b0
(4π)2
g3 + a0
(4π)2
E2κ2g,
with a0 = −3/2 in our conventions for the gravitational cou-
pling κ2, see (2). Irrespective of the non-gravitational value of
b0 this would render any gauge theory asymptotically free at
energies E close to the Planck mass (including, e.g., pure U(1)
Maxwell theory). Responsible for this effect were quadratic di-
vergencies in the cut-off regularization of the one-loop effective
action containing the graviton contribution [6]. As a number
of discussed scenarios of physics beyond the Standard Model
contain higher dimensional gravity theories with small gravita-
tional scales, such an effect might be observable at the Large
Hadron Collider, as was qualitatively studied in [7].
However, two recent works by Pietrykowski [8] and Toms [9]
have cast doubts on the results of [5] by reconsidering this
effect in Einstein–Maxwell theory. The authors of [5] used
the background field method, which contains subtle dependen-
cies on gauge conditions leading to gauge dependent results
of the effective action if one does not expand about a classi-
cal solution for the background field configuration [9]. This,
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however, was done in [5]. Indeed [8] repeated the analysis of
[5] in the Abelian theory employing a different parameter de-
pendent gauge condition and obtained a vanishing result for a0
in (1) upon using a momentum cut-off to regulate the diver-
gent integrals. Toms [9] on the other hand employed a gauge
invariant and gauge condition independent formulation of the
background field method due to Vilkovisky and DeWitt [10].
Here dimensional regularization was used and again a vanish-
ing result for the gravitational contribution to βg was found.
The central open question remaining in this discussion is to
what extent the resulting one-loop β function (1) depends on
the employed regularization scheme. The claimed effect of [5]
can only emerge in cut-off regularization, as dimensional regu-
larization is insensitive to quadratic divergencies. In this Letter
we settle this question by considering a conceptually straight-
forward Feynman diagrammatic evaluation of the β function
employing both momentum cut-off and dimensional regulariza-
tion in parallel. For this the gravitational contributions to the
gluon self-energy and vertex function listed in Fig. 1 are evalu-
ated at one-loop order in the Einstein–Yang–Mills system. We
find that the quadratic divergencies cancel in cut-off regular-
ization and are trivially absent in dimensional regularization.
This unambiguously demonstrates the absence of gravitational
corrections to the Yang–Mills β function, i.e., a0 = 0 in (1),
supporting [8] and [9]. The remaining logarithmic divergencies
give rise to the coupling flow of a novel dimension six countert-
erm in the effective theory.
The starting point of our analysis is the Einstein–Yang–Mills
theory
(2)LEYM = 2
κ2
√−g R − 1
2
√−g gμρgνσ Tr[FμνFρσ ],
with the Ricci scalar R and the Yang–Mills field strength Fμν =
∂μAν − ∂νAμ − ig[Aμ,Aν]. In the renormalization process we
will be led to add additional dimension-six operators to this the-
ory. The metric tensor is split into a flat Minkowski background
ημν = diag(1,−1,−1,−1) and the graviton field hμν
(3)gμν = ημν + κhμν.
The Einstein–Yang–Mills Lagrangian is then expanded up to
second order in hμν in order to read off the relevant propagator
(modulo gauge fixing) and gluon–graviton vertices occurring in
Fig. 1. We work in Feynman gauge for the gluons and in har-
monic (de Donder) gauge for the gravitons with the gauge con-dition ∂νhμν = 12∂μh. The resulting graviton propagator reads
(4)αβ γ δ = i(I
αβ,γ δ − 1
d−2η
αβηγ δ)
p2 + i0
with Iμν,αβ ≡ 12 (ημαηνβ + ημβηνα). As gravitational ghosts
do not couple to gluons they do not appear in our one-loop
computations. We furthermore note the two gluon–one gravi-
ton vertex1
= −iκδab
[
Pμν,αβp · q + ημνp(αqβ)
(5)+ 1
2
ηαβpνqμ − pνημ(αqβ) − qμην(αpβ)
]
and the two gluon–two graviton vertex
= i
2
κ2δab
[(
pνqμ − p · qημν)Pαβ,γ δ
+ p · q(2Iμν,α(γ ηδ)β + 2Iμν,β(γ ηδ)α
− Iμν,αβηγ δ − Iμν,γ δηαβ)
+ 2p(αqβ)Pμν,γ δ + 2p(γ qδ)Pμν,αβ
+ {2pαην[μηβ](γ qδ) + 2pγ ην[μηδ](αqβ)
− pν(qαPμβ,γ δ + qβP αμ,γ δ
+ qγ P αβ,μδ + qδP αβ,γμ)}
(6)+ {(p,μ) ↔ (q, ν)}],
where we have defined Pμν,αβ ≡ 12 (ημαηνβ + ημβηνα −
ημνηαβ). Using these expressions we have computed the di-
vergent pieces of the two-gluon graphs (a) and (b) of Fig. 1
with an incoming momentum of q to be
(a) = i
16π2
κ2
(
q2ημν − qμqν)δab[−3
2
{
Λ2
0
}
− q
2
6
{ logΛ2
2

}
+ finite
]
,
(7)(b) = i
16π2
κ2
(
q2ημν − qμqν)δab 3
2
{
Λ2
0
}
,
where we quote both the cut off (|k2| < Λ2) and dimensional
(d = 4 − ) regularized results. For details of the calculation
see [11]. Note the cancellation of the quadratic divergence
which already leads to the absence of gravitational corrections
to the β function of g in the Abelian theory. It would be in-
teresting to understand the deeper reason for this remarkable
cancellation.
For an Abelian gauge theory this would be all there is to
do, as there are no cubic gauge field vertices. In order to sub-
stract the remaining divergence in (7) at a given renormaliza-
1 The brackets [· · ·] and (· · ·) denote unit weight anti-symmetrization and
symmetrization respectively, i.e., Λ[a1...an] = 1n! (Λa1...an ±permutations) and
Λ(a ...a ) = 1 (Λa ...an + permutations).1 n n! 1
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grangian (2) by novel dimension-six counterterms. Taking into
account the Bianchi identity there are naively three possible
structures
O1 ≡ Tr
[
(DμFνρ)
2], O2 ≡ Tr[(DμFμν)2],
(8)O3 ≡ i Tr
[
Fμ
νFν
ρFρ
μ
]
.
However, it turns out that they are linearly related up to total
derivative terms
(9)O2 = 12O1 − 2gO3 + total derivatives.
We are thus led to add the terms d1O1 and d2O2 to our
Lagrangian, where d1,2 are the corresponding coupling con-
stants. Note that the term d2O2 in the extended effective La-
grangian is proportional to the lowest order equations of motion
DμF
μν = 0 and could be removed by a field redefinition of the
gauge field Aμ → Aμ − d2DνFνμ/2 up to higher dimension
operators.
The new two gluon vertices of d1O1 and d2O2 are
(10)μa νb = 2id1δabq2
(
q2ημν − qμqν),
(11)μa νb = id2δabq2
(
q2ημν − qμqν).
The associated counterterms to these vertices can be used to
cancel the logarithmic poles of (a) + (b) in (7). However, due
to the identical tensor structure of (10) and (11) these two coun-
terterms are only fixed up to one free parameter.
In order to fix this free parameter we move on to the three-
gluon graphs (c), (d) and (e) which probe the non-Abelian sec-
tor of the theory. Expanding LEYM to cubic order in gluons and
up to quadratic order in gravitons we read off the relevant three
gluon–one graviton vertex
= −gκf abc[Pαβ,μν(p − q)ρ
+ ημνηρ(α(p − q)β)
(12)+ cycl(μ,p;ν, q;ρ, k)]
and the involved three gluon–two graviton vertex
= 1
2
gκ2f abc
[
(p − q)ρ(2Iμν,α(γ ηδ)β
+ 2Iμν,β(γ ηδ)α − Iμν,αβηγ δ
− Iμν,γ δηαβ − ημνP αβ,γ δ)
+ 2{(ημνP γ δ,ρ(β
+ Iμν,γ δηρ(β)(p − q)α)}
+ {(α,β) ↔ (γ, δ)}
(13)+ cycl(μ,p;ν, q;ρ, k)].With these the evaluation of the three-gluon graphs of Fig. 1 can
be performed, and we find the divergent contributions in cut-off
and dimensional regularization
(c) = 1
16π2
gκ2f abc
{(
ημν
(
pρ
(
5
6
p · q + 1
4
q · k
)
− qρ
(
5
6
q · p + 1
4
p · k
))
+ · · ·
)
− 5
6
(
kμkν(p − q)ρ + · · ·)
(14)− 1
4
(
pρqμkν − pνqρkμ)}{ logΛ22

}
,
(d) = 1
16π2
gκ2f abc
{[(
ημν
(
pρ
(
−7
6
p · q − 1
6
p · k − 3
4
q · k
)
− qρ
(
−7
6
q · p − 1
6
q · k − 3
4
p · k
))
+ · · ·
)
+ (kμkν(p − q)ρ + · · ·)
+ 3
4
(
pρqμkν − pνqρkμ)]{ logΛ22

}
(15)+ 3
2
(
ημν(p − q)ρ + · · ·){Λ2
0
}}
,
(16)(e) = − 1
16π2
gκ2f abc
3
2
(
ημν(p − q)ρ + · · ·){Λ2
0
}
,
where the external gluons carry the labels (μ,p;ν, q;ρ, k) and
the dots refer to a symmetrization in these labellings. Summing
these contributions up we again observe a cancellation of the
quadratic divergencies arising in cut-off regularization. In order
to subtract the remaining logarithmic divergencies in the three-
gluon amplitudes we need to consider the three point vertices
of d1O1 and d2O2 emerging from (8)
= d1gf abc
[
ημν
(
pρ(4p · q + 2p · k)
− qρ(4q · p + 2q · k))+ · · ·
(17)− 2(kμkν(p − q)ρ + · · ·)],
= d2gf abc
[
ημν
(
pρ(2p · q + p · k + 3q · k)
− qρ(2q · p + q · k + 3p · k))+ · · ·
− (kμkν(p − q)ρ + · · ·)
(18)− 3(pρqμkν − pνqρkμ)].
Remarkably it turns out that O2 alone provides the right tensor
structures to remove all the divergences of (14)–(16). Renor-
malization of the two and three point gluon functions is then
performed by considering the extended effective Einstein–
Yang–Mills theory augmented by d2O2 plus all the associated
counter terms. The complete effective Lagrangian at the one-
loop level is then of the schematic form
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Lext = LEYM,ren + d2 Tr
[(
DμF
μν
)2]
,
(19)
LCT = δ2(∂A)2 + gδ3g1 A2∂A + δ2d21
(
∂2A
)2
+ gδ3d21 ∂2A∂AA +O
(
A4
)
.
The computed divergencies are then substracted at a renormal-
ization scale μ through a choice of renormalization conditions.
This leads to the following κ2 dependencies of the dimension-
six counterterms
(20)δ2d21
∣∣O(κ2) = δ3d21 ∣∣O(κ2) = 116π2 16κ2
{
log(Λ2
μ2
)
2μ−

}
,
where the first equality δ2d21 |O(κ2) = δ3d21 |O(κ2) arises as a nec-
essary condition on the renormalization of the gluon selfenergy
and vertex function and constitutes an independent consistency
check of our results as required by the Slavnov–Taylor–Ward
identity. Also note that this counterterm is in precise agreement
to the one found by Deser, Tsao and van Nieuwenhuizen [3]
with the background field method. In particular the Yang–Mills
vertex counterterm δ1 and wavefunction renormalization δ2 re-
ceive no contributions at order κ2. The counterterms (20) then
lead to the following relations of renormalized g, d2 to bare
g0, d2,0 couplings at one-loop order
(21)g
g0
= 1 + 3
2
δ2 − δ3g1 ,
d2
d2,0
= 1 + δ2 − δ
2d2
1
d2,0
.
This then provides the following gravitational contributions to
the β functions of the gauge coupling g and the novel cou-
pling d2
(22)βg
∣∣O(κ2) = 0, βd2 ∣∣O(κ2) = 1(4π)2 13κ2.
However, the renormalization of d2 through gravitational inter-
actions is not of particular relevance as this coupling can be
removed through a nonlinear field redefinition as mentioned
above.
Conclusions and discussions. In this Letter we have recon-
sidered the important and controversial question of the presence
or absence of gravitational contributions to the running gauge
coupling constant [5,8,9] giving particular attention to a po-
tential regularization scheme dependence of the results. Our
investigations unambiguously clarify this issue for the origi-
nal non-Abelian Einstein–Yang–Mills theory by performing an
independent diagrammatical calculation of the β-function and
using, for a better direct comparison, both cut-off and dimen-
sional regularization. In particular, as the main result, thesecalculations confirm the conclusions of [8,9] on the absence of
gravitational contributions to the running gauge coupling con-
stant.
Finally, let us qualitatively extend our discussion to the
gluon four point function. A simple dimensional consideration
of loop integrals for the gluon four point function yields a new
operator structure κ4 Tr(F 4), which cannot be removed by the
above quoted field redefinition. This is in agreement with the
findings of [3], where it was shown that such terms appear as
the square of the energy–momentum tensor, (Tμν)2. Interesting
further extension of this work would be to consider large ex-
tra dimension scenarios, where a cut-off prescription appears
mandatory, as well as the coupling to additional matter fields.
The case of gauged N extended supergravities was considered
in [13] in the background field method with dimensional reg-
ularization, where a vanishing of the beta function for N > 4
was found.
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